An important issue of resource distribution is the fairness of the distribution. For example, computer network management wishes to distribute network resource fairly to its users. To describe the fairness of the resource distribution, a quantitative fairness score function 1 , 2 , … , ) was proposed in 19�� by Jain et al. e purpose of this paper is to propose a modi�ed network sharing fairness function so that the users can be treated differently according to their priority levels. e mathematical properties are discussed. e proposed fairness score function * 1 , 2 , … , ; 1 , 2 , … , ) keeps all the nice properties of 1 , 2 , … , ) and provides better performance when the network users have different priority levels.
Introduction
�hen a �xed number of users or receivers share limited amount of resource, the fairness of the distribution is always an important issue. e resource distribution can be of any kind such as social bene�t resource distribution, manpower distribution, and computer network resource distribution. Suppose users share a certain amount of resource. Let 1 , 2 , … , be the amounts of resource the users receive, respectively. Suppose all users have the same right to share the entire resource. en the difference among the values 1 , 2 , … , should not be too large. If the difference among values is too large, then it can be claimed that the distribution of the entire resource is unfair. Here certain rules have to be made to determine if the resource distribution is fair or unfair. To solve such a problem, there are two important steps. e �rst step is to �nd an appropriate quantitative measure, which is a function of 1 , 2 , … , , such that the quantitative measure can be used to describe the fairness of the resource distribution. e quantitative measure should increase when the resource distribution becomes fairer. On the other hand, it should decrease when the resource distribution becomes more and more unfair. e second step is to determine when one can conclude that the resource distribution is signi�cantly unfair. e concept of statistical test can be adopted for this purpose. For a certain level of signi�cance, one may conclude that the resource distribution is signi�cantly unfair when the quantitative measure falls below some value. Such a value is called a critical value in statistical analysis. is paper focuses on modifying a commonly used fairness measure so that the modi�ed fairness measure can better �t the real world applications.
In the past several decades, many research papers have been published in this area in the literature. Jain et al. [1] proposed a quantitative measure to assess the fairness of the network resource distribution. e fairness score function proposed by Jain et al. is de�ned as
As mentioned above, a fairness score function must possess some nice properties so that it can be used to describe the fairness of the resource distribution and can be used to determine whether or not the resource distribution is fair. In fact, the fairness score function 1 , 2 , … , ) de�ned in (1) [2] , Chiu and Jain [3] , Kelly et al. [4] , and Mazumdar et al. [5] .
Note that the fairness score function of resource distribution can be used when all the users have equal right to share the entire resource. In practice, however, it is possible that the users may have different priority levels. For example, when the internet resource is distributed to users, advanced users and regular users should be treated differently. When social bene�t resource is distributed, disabled people, pregnant women, low income, or no income people all have different priority levels. Equally distributing the entire resource to all the users is, in fact, an unfair way to distribute the entire resource. erefore, some modi�cation is needed to the fairness score function de�ned in (1) so that the modi�ed fairness score function can be used for the case that users have different priority levels to share the entire resource. is is the purpose of this paper. Instead of equally distributing network resource to all the users, the entire resource is distributed to all users according to their priority levels. It can be shown that the fairness function proposed in this paper keeps all the meritorious properties of 1 , 2 , … , ) even for the case that the users are at different priority levels. Now suppose the users who are sharing the entire resource have different priority levels. More speci�cally, let 1 , 2 , … , be the amounts of resource that the users receive, respectively. Also let 1 , 2 , … , > 0, 1, 2, … , ) be the corresponding priority factors of these users. It means that the amounts of resource users receive are supposed to be 1 , 2 , … , for some > 0. e fairness score function proposed in this paper is de�ned as * 1 , 2 , … , ; 1 , 2 , … ,
is fairness score function is a generalization of the fairness score function de�ned in (1). In the case that all the users are at the same priority level, that is,
the fairness score function * 1 , 2 , … , ; 1 , 2 , … , ) becomes 1 , 2 , … , ) which is same as the one de�ned in (1) . To use this fairness score function to describe the fairness of the resource distribution and to use statistical analysis to determine whether or not the resource distribution is fair, * 1 , 2 , … , ; 1 , 2 , … , ) must possess some nice properties mentioned in the previous section. In fact, it will be shown that the fairness score function 
if and only if
is statement is true if and only if
It is equivalent to
is ends the proof of the theorem. 
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Note that
Since 1 , 2 , … , are �xed numbers, then to maximize P, it is desired to maximize
Since
then is maximized if and only if one of the
values is 1, and the rest are zeros.
On the other hand, note that
In order to maximize Q,
must be true for those term satisfying 1 < for = 2, … , . It is equivalent to the condition that must be 0 for those terms satisfying 1 < for = 2, … , . It means that the amounts that are received by users, whose priority levels are not the lowest, must be zero. Combining the results of the above discussion, the proof follows.
�or �xed priority levels 1 , 2 , … , , the lowest value the fairness score function de�ned in (2) can reach is
In the case of 1 = 2 = ⋯ = , this quantity becomes 1/ . is result is the same as the one when the fairness score function de�ned in (1) is used, as expected. e next theorem deals with the case that users equally share the entire resource assuming that all the users are at the same priority level. 
e proof is done.
It should be noted that eorem 3 only deals with a special case that all the users have the same priority level. One might wonder if * ( 1 , 2 , … , ; 1 , 2 , … , ) = can hold for the case that users have different priority levels and that only out of the users share the entire resource proportionally according to their priority levels while the other -users do not share any. It fact, this is not the case. e following is a counter example. Suppose there are three users with priority levels 3, 2, and 1, respectively. Suppose also that the users priority levels 3 and 2 share the entire resource proportionally to their priority levels and the user with priority level 1 does not receive any share. en 
Proof. �y the de�nition of * ( ), it suffices to show that
(24) priority levels. In that case, the fairness score function * ( 1 , 2 , … , ; 1 , 2 , … , ) reaches its maximum value 1. On the other hand, when the resource distribution is the most unfair case, the fairness score function * ( 1 , 2 , … , ; 1 , 2 , … , ) reaches its minimum value. Furthermore, the status of fairness distribution changes from one extreme to the other extreme, the fairness score function * ( 1 , 2 , … , ; 1 , 2 , … , ) is able to re�ect the change correspondingly. ese properties ensure that the fairness score function * ( 1 , 2 , … , ; 1 , 2 , … , ) can be used to evaluate the fairness of the resource distribution.
It can be shown that the distribution of * ( 1 , 2 , … , ; 1 , 2 , … , ) is scale-free. us the quantiles of * ( 1 , 2 , … , ; 1 , 2 , … , ) can be obtained by MonteCarlo simulation. Based on those quantiles, a statistical test can then be conducted to check whether or not the network resource distribution is statistically signi�cantly unfair to the users. In computer network resource management, if the resource distribution is signi�cantly unfair, the resource distribution scheme should be adjusted.
